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Abstract
The killing spinor of a linearly confining supergravity background previously proposed and argued
to produce features of pure N = 1 SU(N) gauge theory in four dimensions is constructed directly
using the supersymmetry variations of the gravitino and the dilatino.
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1 Introduction
We previously proposed and argued in [1] a supergravity theory producing features of pure
N = 1 SU(N) gauge theory in four dimensions. It was shown in [2] that the background
produces linear confinement of quarks in four dimensions. In [3], mass spectrum of 0++ glue-
balls agreeing with available lattice data from large N non-supersymmetric lattice QCD was
produced. A cosmological model was constructed in [4] in which an accelerated expansion
followed by a smooth transition to decelerating expansion is dynamically generated. More
detail about linear confinement was also given in [4] where the strong interaction was used
to argue for stabilization of the model universe during Friedmann evolution, and dark en-
ergy arising from the interaction of the model universe with the background. Because the
supergravity theory provides a realization of all these features on the same setting and the
solutions are given by analytic expressions, it is important to further investigate the back-
ground and possibilities for building additional models. The supergravity solutions were
obtained using the equations of motion in [5–7] which were written using SU(3) structures
to organize the balance between flux and torsion.
Let us summarize the type IIB supergravity solutions for the metric and the fluxes in [1].
The 10D metric is given by
ds10
2 = coshu dx21,3 + r
2
s sechu (dρ
2 + dψ2
+dϕ21 + dϕ
2
2 + dϕ
2
3 + dϕ
2
4), (1.1)
where
tanhu =
gsN
2pi
ρ, ρ ≡ 3 ln( r
rs
), (1.2)
and dx21,3 is the metric on flat four-dimensional spacetime R1,3 with coordinate xµ, gs is the
string coupling, and N is number of D7−branes. The extra 6D space of the 10D spacetime
is parameterized by one radial coordinate r with range rs ≤ r ≤ rs e
2pi
3gsN and five angles ψ,
ϕ1, ϕ2, ϕ3, and ϕ4, each having the range between 0 and 2pi. Upper case indices M, N, · · ·
are used to represent the coordinates of the 10D spacetime, Greek letters µ, ν, · · · label the
coordinates of the 4D spacetime, and lower case indices m, n, · · · denote the coordinates of
2
the extra 6D space. The fluxes and the dilaton are given by
F1 =
N
2pi
dψ,
F3 =
N
2pi
r2s tanhu (dψ ∧ dϕ1 ∧ dϕ2 + dψ ∧ dϕ3 ∧ dϕ4) ,
H3 =
gsN
2pi
r2s (dρ ∧ dϕ1 ∧ dϕ2 + dρ ∧ dϕ3 ∧ dϕ4) ,
F˜5 = (1 + ?10)F5 =
N
2pi
r4s cosh 2u sech
2 u dψ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 ∧ dϕ4
− N
2pi
cosh 2u cosh2 u d4x ∧ dρ,
eΦ = gs. (1.3)
F1, F3, and F˜5 are the 1-form, 3-form, and 5-form R-R fluxes. F˜5 is self-dual, H3 is the NS-
NS 3-form flux, and Φ is the dilaton. The fluxes are all induced by N D7-branes wrapping
a 4-cycle with coordinates ϕ1, ϕ2, ϕ3, and ϕ4 at r = rs. It was shown in [1] that the metric
and fluxes above solve each and every one of the bosonic supergravity equations of type IIB
theory.
In this note, we show that the above metric and fluxes solve the supersymmetry variations
of the gravitino and the dilatino of type IIB theory directly and construct the corresponding
killing spinor for N = 1 supersymmetry in four dimensions. Preserving supersymmetry is
important in order to have a stable background geometry. Understanding structure of the
killing spinor is useful for investigating supersymmetric and non-supersymmetric embeddings
of D−branes.
2 Killing spinor
It will be convenient to work in a basis with constant gamma matrices. Therefore, first we
rewrite the metric in terms of coordinate one-forms as
ds10
2 = GMˆNˆe
MˆeNˆ , (2.1)
where GMˆNˆ = diag(−1, 1, · · · , 1) with the hat in Mˆ and Nˆ used to distinguish the basis,
eMˆ = EMˆNdx
N , (2.2)
3
and EMˆN is the vielbein. More explicitly,
eµˆ =
√
coshu dxµ, e4ˆ = rs
√
sechu dρ, e5ˆ = rs
√
sechu dψ,
e6ˆ = rs
√
sechu dϕ1, e
7ˆ = rs
√
sechu dϕ2,
e8ˆ = rs
√
sechu dϕ3, e
9ˆ = rs
√
sechu dϕ4, (2.3)
and
EµˆN =
√
coshu δµN , E
mˆ
N = rs
√
sechu δmN . (2.4)
The supersymmetry transformations of the gravitino and the dilatino fields in 10D can
be expressed, see [8] for instance, as
δψMˆ = ∇Mˆ −
1
4
( /H3)Mˆσ
3 +
1
8
eΦ
(
/F 3σ
1 + i(/F 1 +
1
2
/˜F 5)σ
2
)
ΓMˆ , (2.5)
δλ = /∂Φ − 1
2
/H3σ
3 − 1
2
eΦ
(
/F 3σ
1 + 2i /F 1σ
2
)
, (2.6)
where σi are the 2× 2 Pauli matrices which now act on the supersymmetry transformation
parameter  with the two Majorana-Weyl spinors of type IIB theory as components,
 =
 
1
2
 . (2.7)
The gamma matrices obey the anticommutation relation
{ΓMˆ , ΓNˆ} = 2GMˆNˆ . (2.8)
The slash is for contraction with the gamma matrices, and our definition for contracting
p− q number of components of a p-form is
(/ωp)Mˆ1···Mˆq =
1
(p− q)!(ωp)Mˆ1···MˆqMˆq+1···MˆpΓ
[Mˆq+1 · · ·ΓMˆp], (2.9)
where Γ[Mˆq+1 · · ·ΓMˆp] ≡ ΓMˆq+1···Mˆp is an antisymmetric product of the corresponding gamma
4
matrices. ∇Mˆ is the covariant derivative given in terms of the spin connection ωMˆNˆ by
∇Mˆ = (EMˆN)−1∇N = (EMˆN)−1
(
∂N +
1
4
ωOˆPˆNΓOˆPˆ
)
, (2.10)
where ωOˆPˆN is defined through
deMˆ = −1
2
ω Mˆ
NˆOˆ
eNˆ ∧ eOˆ = −ωMˆ
Nˆ
∧ eNˆ (2.11)
and
ωMˆNˆ = ωMˆNˆ
Oˆ
dxOˆ, ωMˆNˆO = E
Pˆ
O ω
MˆNˆ
Pˆ
. (2.12)
The indices with hats are raised and lowered using the flat metric GMˆNˆ = G
MˆNˆ of the
coordinate one-forms. For the metric given by (1.1), we have the following nonvanishing
components:
ωµˆ4ˆ =
1
2
gsN
2pirs
sinhu
√
cosh3 u eµˆ, ωmˆ4ˆ = −1
2
gsN
2pirs
sinhu
√
cosh3 u emˆ, (2.13)
and
ωµˆ4ˆ µ =
1
2
gsN
2pirs
sinhu cosh2 u, ωmˆ4ˆm = −
1
2
gsN
2pi
sinhu coshu, (2.14)
with m 6= 4.
The killing spinor is the solution for  of δλ = 0 and δψMˆ = 0 in (2.5) and (2.6). With
the fluxes in (1.3) and the spin connection above, the variation of the dilatino δλ = 0 gives
1
2
coshu
(
Γ4ˆ6ˆ7ˆ + Γ4ˆ8ˆ9ˆ
)
σ3+
1
2
sinhu
(
Γ5ˆ6ˆ7ˆ + Γ5ˆ8ˆ9ˆ
)
σ1+ iΓ5ˆσ2 = 0. (2.15)
The variation of the gravitino δψMˆ = 0 gives, taking  to be a function of only the radial
coordinate ρ,
sinh 2uΓ4ˆ− sinhu
(
Γ5ˆ6ˆ7ˆ + Γ5ˆ8ˆ9ˆ
)
σ1− iΓ5ˆσ2
− i
2
cosh 2u
(
Γ5ˆ6ˆ7ˆ8ˆ9ˆ + Γ0ˆ1ˆ2ˆ3ˆ4ˆ
)
σ2 = 0 (2.16)
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for Mˆ = µˆ and Mˆ = 5ˆ,
sinh 2uΓ4ˆ+ 2 coshuΓ4ˆ6ˆ7ˆσ3− sinhu
(
Γ5ˆ6ˆ7ˆ − Γ5ˆ8ˆ9ˆ
)
σ1+ iΓ5ˆσ2
− i
2
cosh 2u
(
Γ5ˆ6ˆ7ˆ8ˆ9ˆ + Γ0ˆ1ˆ2ˆ3ˆ4ˆ
)
σ2 = 0 (2.17)
for Mˆ = 6ˆ and Mˆ = 7ˆ,
sinh 2uΓ4ˆ+ 2 coshuΓ4ˆ8ˆ9ˆσ3+ sinhu
(
Γ5ˆ6ˆ7ˆ − Γ5ˆ8ˆ9ˆ
)
σ1+ iΓ5ˆσ2
− i
2
cosh 2u
(
Γ5ˆ6ˆ7ˆ8ˆ9ˆ + Γ0ˆ1ˆ2ˆ3ˆ4ˆ
)
σ2 = 0 (2.18)
for Mˆ = 8ˆ and Mˆ = 9ˆ, and
Γ4ˆ∂ρ =
1
8
gsN
2pi
[
2 coshu
(
Γ4ˆ6ˆ7ˆ + Γ4ˆ8ˆ9ˆ
)
σ3+ sinhu
(
Γ5ˆ6ˆ7ˆ + Γ5ˆ8ˆ9ˆ
)
σ1
+iΓ5ˆσ2+
i
2
cosh 2u
(
Γ5ˆ6ˆ7ˆ8ˆ9ˆ + Γ0ˆ1ˆ2ˆ3ˆ4ˆ
)
σ2
]
= 0 (2.19)
for Mˆ = 4ˆ. Observe that the total of eleven equations from the variations of the gravitino
and the dilatino has been reduced to five at this point.
Combining (2.15), (2.16), and (2.17), we obtain
sinhu
(
Γ5ˆ6ˆ7ˆ − Γ5ˆ8ˆ9ˆ
)
σ1 = coshu
(
Γ4ˆ6ˆ7ˆ − Γ4ˆ8ˆ9ˆ
)
σ3 (2.20)
which imposes
Γ6ˆ7ˆ = Γ8ˆ9ˆ. (2.21)
Furthermore, the spinor operator in the 10D spacetime is given by Γ(10) = Γ0ˆ1ˆ2ˆ3ˆ4ˆ5ˆ6ˆ7ˆ8ˆ9ˆ and
its eigenvalues determine the chirality of the spinors. In type IIB theory, we have two
Majorana-Weyl spinors of the same chirality, and we take Γ(10) = −. This means that
Γ0ˆ1ˆ2ˆ3ˆ4ˆ = Γ5ˆ6ˆ7ˆ8ˆ9ˆ = −Γ5, (2.22)
where we have used (2.21) to write the last equality. Moreover, the spinor operator on the
worldvolume of the wrapped D7−branes is Γ(8) = Γ0ˆ1ˆ2ˆ3ˆ6ˆ7ˆ8ˆ9ˆ, and taking Γ(8) = −i with
Γ(10) = − and (2.21) sets
Γ4ˆ5ˆ = −i. (2.23)
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With (2.21) and (2.15), (2.16) - (2.18) become identical, and together with (2.15) and
(2.19), the eleven equations from the variations of the gravitino and the dilatino reduce to
the following three equations,
coshuΓ4ˆ6ˆ7ˆσ3+ sinhuΓ5ˆ6ˆ7ˆσ1+ iΓ5ˆσ2 = 0, (2.24)
sinh 2uΓ4ˆ+ coshuΓ4ˆ6ˆ7ˆσ3− sinhuΓ5ˆ8ˆ9ˆσ1+ i cosh 2uΓ5ˆσ2 = 0, (2.25)
∂ρ = −1
8
gsN
2pi
[
sinh 2u+ 4i cosh2 uΓ5ˆσ2
]
 = 0. (2.26)
Next, we solve (2.24) - (2.26). First, we rewrite (2.24) as
Γ4ˆ5ˆ6ˆ7ˆσ1− eiuΓ4ˆ5ˆσ2 = 0, (2.27)
and its solution is
 = e−
i
2
uΓ4ˆ5ˆσ2χ, (2.28)
where χ is a function of only ρ such that
Γ4ˆ5ˆ6ˆ7ˆσ1χ = χ. (2.29)
Now, (2.28) with (2.29) also solves (2.25). One way to see that is to rewrite (2.25) as
Γ4ˆ5ˆ6ˆ7ˆσ1 e−iuΓ
4ˆ5ˆσ2− e2iuΓ4ˆ5ˆσ2 = 0, (2.30)
which is solved by (2.28) with (2.29).
Noting that ∂ρ = gsN2pi cosh
2 u ∂u, following (1.2), (2.26) becomes
∂u  = −1
8
sinh 2u sech2 u − i
2
Γ5ˆσ2. (2.31)
Using (2.28) in (2.31), we have the equation for χ,
∂uχ = −1
8
sinh 2u sech2 uχ, (2.32)
and its solution is
χ = (sechu)
1
4 χ0, (2.33)
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where χ0 is a constant spinor.
With (2.33) in (2.28), the killing spinor is given by
 = (sechu)
1
4 e−
i
2
uΓ4ˆ5ˆσ2χ0, (2.34)
where the constant spinor χ0 satisfies the three constraints
Γ6ˆ7ˆ8ˆ9ˆχ0 = −χ0, Γ4ˆ5ˆ6ˆ7ˆσ1χ0 = χ0, Γ4ˆ5ˆχ0 = −iχ0, (2.35)
following (2.21), (2.29), and (2.23). These three constraints reduce the total of 32 supersym-
metries to 4, preserving N = 1 supersymmetry in four dimensions. The killing spinor  = χ0
on the wrapped D7−branes at u = 0, and it varies along the radial direction away from the
D7−branes.
3 Conclusion
The gauge/gravity duality [9–11] provides a tool for investigating a gauge theory in terms of
gravity theory and a gravity theory in terms of gauge theory. We have shown directly using
the supersymmetry variations of the gravitino and the dilatino of type IIB theory that the
supergravity solutions presented in [1] preserve N = 1 supersymmetry in four dimensions.
We would like to reemphasize that the background produces a robust linear confinement
of quarks as shown in [2] and further discussed in [4]. Mass spectrum of 0++ glueballs
that agrees with available data from large N non-supersymmetric lattice QCD was obtained
in [3]. A cosmological model in which the model universe undergoes dynamical accelerated
expansion followed by a smooth transition to decelerating expansion was constructed in [4].
The strong interaction was used for stabilization of the model universe during Friedmann
evolution. The potential energy due of interaction between the model universe and the
background serves as a source of dark energy. Knowledge of the killing spinor presented here
is useful for looking into supersymmetric and non-supersymmetric embeddings of D−branes
and adding matter in the background.
In [1], we discussed how the location of the D7−branes along one of the five angular di-
rections could accommodate chiral symmetry and its breaking in pure N = 1 SU(N) gauge
theory. However, the background geometry of the gravity theory has additional symmetries
that are not obvious symmetries of pure N = 1 SU(N) gauge theory, such as translational
symmetry along the remaining four angular directions wrapped by the D7−branes. Orb-
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ifolding of the extra space for reducing the symmetry was proposed and discussed in [1]. It
would be useful to investigate the symmetries and parameter space of the background further
and their implication on the gauge theory. Adding D−branes would also help in reducing
the symmetry in addition to introducing matter.
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